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Abstract 

Let k be an algebraically closed field and let b and n be integers with n > 3 
and 1 < b < n — 1. Consider the moduli space X of hypersurfaces in PJ? of fixed 
degree / whose singular locus is at least 6-dimensional. We prove that for large 
X has a unique irreducible component of maximal dimension, consisting of the 
hypersurfaces singular along a linear ^-dimensional subspace of P n . The proof will 
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involve a probabilistic counting argument over finite fields. 
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1 Introduction 

Let n and h be fixed integers with n > 3 and 1 < b < n — 1, and let k be an algebraically 
closed field of characteristic p > 0. Fix a positive integer I. Inside the projective space 
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of all hypersurfaces in P n of degree /, consider the ones which are singular along some 
6-dimensional closed subscheme, 

X = {[F] e F(k[x ,...,x n ]i) | dim\/(F) sing > b} 

(this is a closed subset). 

A simple argument (Lemma 5.1 in [5]) shows that 

X 1 := {[F] G X | L C V(F) sing for some linear 6-dimensional L C P n } 

is an irreducible closed subset of X of dimension (^ n ) — a Hy b{l), where 

a n , b (l) := + ^ + (n - b) " * + ^ + 1 - (b + l)(n - 6) 

n-&+l /6 , 
- w *+•••■ 

The goal of this paper is the following 

Theorem 1.1. There exists an integer l = lo(n, b,p), such that for all I > Iq, X 1 is the 

unique irreducible component of X of maximal dimension. 

In fact, the proof of the theorem will give a simple procedure to compute a possible 
value of l , given n,b,p (assuming a conjecture of Eisenbud and Harris when b > 2). In 
addition, again for large /, we find the second largest component of X, at least when 
char k ^ 0: it comes from the hypersurfaces singular along an integral closed subscheme 
of degree 2 (Corollary 5.11). 

We now sketch the main idea of the proof. In [5], we proved that there is a projective 
variety T d — > Spec Z such that the set of closed points of the basechange Tj} = T d x Spec k 
is the set of all hypersurfaces [F] e F(k[xo, x n ]i) whose singular locus contains a 
subscheme with Hilbert polynomial among the Hilbert polynomials {P a } of integral b- 
dimensional closed subschemes of P n of degree d. The goal is to bound dimT d by dimX 1 , 
since X is a finite union 

x= u n 

d=i 

(as we will easily see later in Lemma 5.1). The first step towards Theorem 1.1 is the case 
of "small" degree d < this was accomplished in [5], where we proved the following 

Theorem 1.2. There exists Iq = lo(n,b) such that for I > lo and 2 < d < any 
irreducible component Z ofTj} satisfies Z = X 1 or dimZ < dimX 1 . 

(The proof of this relied on a conjecture of Eisenbud and Harris when b > 2; see 
Section 5.2 in [5].) 

The second step is to handle the case d > ^ ("large" degree), which we accomplish 
in the present article. For this, the first main observation is that it suffices to assume that 
k = F p in the statement of the main theorem. The reason is that the variety Tj} comes 
via basechange from a universal projective variety T d — > Spec Z, and in order to give an 
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upper bound for dimT^, by upper-semicontinuity, it suffices to give an upper bound for 
dimT^- for a single prime p (we will take p — 2). 

So let k = ¥p and d > We have to give an upper bound for the dimension of 

T d = {[F] e F(k[x , ...,x n ]{) | V{F) sing contains 

a subscheme with Hilbert polynomial among {P a }}. 

Any variety T over ¥ p comes from a variety T defined over some finite field ¥ qo ; in order 
to give an upper bound dimT < A, it suffices to prove that #T (F g ) = 0(q A ) as q — > oo, 
by the result of Lang- Weil [3]. So we reduce the problem to giving an upper bound on 
the number of hypersurfaces F G ¥ q [xo, ...,x n ]i such that V(F) s i ng contains an integral 
closed subscheme of large degree d. 

For this, we mimic the main argument in [4]. We sketch it here in the case 6=1 and 

1 = 1 (mod p) to simplify notation. Write F in the form 

n 

F = F + Y,<%*i> 

i=0 

where F has degree /, each Gi has degree r = and note that 

dxi dxi 1 ' 

Fix F . We exhibit a large supply of (Go, G n ) such that the F constructed in this way 
has the property that V(F) s - mg contains no integral curves of degree d. To do this, we 
first give a large supply of (G , G n _ 2 ) such that V(J^> 9 ® F - ) has all components of 
dimension 1. The number of such components is bounded by Bezout's theorem. It remains 
to give a large supply of G n _i such that no irreducible component C of V(J^, 9 ® F 2 ) 

of degree d is contained in V(|^ + We accomplish this by specializing C to 

a union of d lines (as in our preceding paper [5]), and giving an upper bound on the 
number of G n _i with C C V(fg + G^J. With some technical details concerning the 
uniqueness of the largest-dimensional component in characteristic 0, this completes the 
proof of Theorem 1.1. The discussion of the second largest component is along the same 
lines. 

2 Notation 

For a field k, the graded ring k[xo, x n ] will be denoted by S. For a graded S'-module M 
(in particular, for a homogeneous ideal), Mi will denote the /-th graded piece of M. When 
/ C S is a homogeneous ideal, (I 2 )i is denoted simply by If. Also, k[x , ...,x n ]</ denotes 
the vector space of (inhomogeneous) polynomials whose total degree is at most /. When 
the field k and the integer / are fixed, V will denote the vector space V = k[xo, ...,x n ]i. 

For a finite-dimensional A;- vector space V, P(V) denotes the projective space parametriz- 
ing lines in V. Given a homogeneous ideal / C k[xo, x n ], V(I) denotes the closed 
subscheme Proj(/c[a;o, ...,x n ]/I) ^ P^ - , and for i — 0, ...,n, D+(xi) is the complement of 
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V(xi). We often abbreviate V({Gi} ieI ) C P™ as V(Gi), when the index set I is irrelevant 
or understood. 

For F G S h V(F) sing C P n is the closed subscheme V(F, g) = V(F, g, g) of 
P n , so when F^O, the underlying topological space of l / (-F) sing is the singular locus of 

v (/•')• 

If C P n is a closed subscheme of dimension 6 and Hilbert polynomial Pc(z) = 
^z b + ...,we say that C has degree d. 

We will reuse Zq f° r different bounds as we go along, in order to avoid unnecessary 
notation; however, it will be clear that we are actually referring to different values of l 
even though we use the same symbol. Also, it will be understood that sometimes the 
value of Iq is the maximum of a finite set of previously defined bounds, each of them still 
denoted by l . 

When X is a scheme of finite type over an algebraically closed field, we often identify 
X with its set of closed points, since most of our arguments will be just on the level of 
closed points. So when we say u x G X," we usually refer to a closed point x G X (this 
will be clear from the context). 

3 On the dimension of the space of hypersurfaces 
which contain a fixed integral closed subscheme 

This section is the preparation for the main arguments in the paper. The main result of 
3.1 is stated in Corollaries 3.4 and 3.6 in a form that is most convenient for Corollary 
3.8, which is the goal of this section. 

3.1 An upper bound on the dimension of the space of F such 
that C C V(F), for a fixed C 

Let V = k[xo, ...,x n ]i, where k is a fixed algebraically closed field. 

Lemma 3.1. Fix positive integers I, m, with m < l + l. For any integral closed subscheme 
C C P n of dimension b and degree d> m, we have 

codmi^G G V | C C V(G)} > ~ & + 1 + ^ =: A b (l, m). 

e=l ^ ' 

Proof. We apply the specialization technique from Section 4 in [5] and follow closely the 
argument in Lemma 4.5 there. Namely, we specialize C to a union of d 6-dimensional lin- 
ear spaces Li, ...,Ld containing a common (b — l)-dimensional linear subspace P. Without 
loss of generality, assume that P = V(x , x h+ i, x n ) and that none of the Lj is contained 
in the hyperplane V(x ), so for uniquely determined tuples {Pbli, ■■■■,Pn) G k n ~ b , the ideal 
Ii of Li has the form 

Ii = (x b+l -p^xo, ...,x n -p^xo), i = l,...,d- 1 

and without loss of generality 

Id — •••) x n>- 
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Then as in Section 4 in [5], we have 

codim F {G EV\CC V(G)} > codim v {G G V | L x U • • • U L d C V(G)}. 

Throwing away some of these linear spaces if necessary, we may assume d — m. So we 
induct on m = 1, ...,/ + 1 to give a lower bound for /i m := dim(S/ii D • • • fl I m )i- We have 
a short exact sequence 

( h T n '" ^T 1 ) n n / m ), (5//! n ... n o. 



v /in-n/ m /, 

Consider F = n^li^mi -pm,io) and note that the elements FP G (ii fl • • • n/ m _i//i fl 
■ ■ -n/ m )j, where P runs through a basis of fc[xo, £b]j_ m +i are linearly independent. This 
gives a lower bound for the dimension of the kernel in the above short exact sequence, 
and hence 

fl - m + 1 + 

Urn > fJ>m-l +1 ^ 

which proves the statement of the Lemma by induction. □ 
Remark 3.2. Note that 



A b (l,l + 1)> J2 ( 

e=l ^ 



I - e + 1 + b\ I + 1 



b J ~ 2 



so A 6 (Z, / + 1) dominates a polynomial in / of degree 6+1. 

Corollary 3.3. Let k be an algebraically closed field, and ko C k a subfield. Again, let 
m,l be fixed integers, with m < I + 1. Let C C P£ be a b- dimensional integral closed 
subscheme (not necessarily defined over ko) of degree d > m. Then 



codim^^^.^JG G k [x , x n ]i \ C C V(G)} > A b (l, 



m) 



Here, the condition C C V(G) (inclusion of closed subschemes ofF%) makes sense when 
we regard G G k[xo, ...,x n ]i first. 

Proof. It suffices to prove that 

dim fco {G G k [ }i I C C V(G)} < dim fc {G G k[x , ...,x n ] t | C C V(G)}. 

This is automatic, since any A; -linearly independent elements in ko[xo, x n ]i are k- 
linearly independent in k[x , ...,x n ]i. □ 

Corollary 3.4. Let k = ¥ q now. Let C C P^- be an integral b-dimensional closed 
subscheme of degree d > m (again, m < I + 1 is fixed). For G chosen randomly from 
¥ q [x , ..,4, we have 

Prob(C C V{G)) < q~ A ^ m \ 
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Proof. This is just a restatement of Corollary 3.3, since 

#{G G ¥ q [x , ..,x n ] I | C C = ? d-{G|Ccv(G) } n 

Lemma 3.5. Let k be an algebraically closed field, and S C P£ an integral closed sub- 
scheme of dimension at least 6 + 1. Then 

codnn fc[a . 0) ... )Xl ,] l {G G k[x ,...,x n ]i \ S C V(G)} > ^"^"J^- 



Proof. We can assume that dimS* = 6+1. This is a particular case of Lemma 3.1; just 
note that A b+1 (l, 1) = ('"^J 1 ). □ 

The same argument leading from Lemma 3.1 to Corollary 3.4 leads from Lemma 3.5 
to the following 

Corollary 3.6. Let k = ¥ q now. Let S C P^ be an integral closed subscheme of 
dimension at least 6+1. For G chosen randomly from Fja^, x n ]i, we have 

Prob(,Sc V(G)) < n-i ). 



3.2 Final preparations 

Consider the natural homogenization map ~: Fjxo, •••,^n-i]<; ~> Fjrco, ■■■■> x n]i with re- 
spect to the variable x n . We have to be slightly careful because this is not the usual 
homogenization map (which takes a polynomial and homogenizes it to the smallest pos- 
sible degree); we think of ~ as "homogenization-to-degree-/" map. Set r = |_~J- 

Lemma 3.7. Let Z C P^- be an integral closed subscheme not contained in the hyperplane 

V(x n ). Let Fq G ¥ q [xo, ...,x n -i]<i-i be a fixed polynomial. Then, as G is chosen randomly 
from ¥ q [xo, x n -i]< T , we have 

Prob(Z C V((F + G p y)) < Prob(Z C V(G~)). 

Here, the first ~ is homogenization to degree l — l, and the second one is homogenization 
to degree t. 

Proof. Let / C F p [:r , -,^ n -i] be the (radical) ideal of Z n D + (x n ) C D + (x n ). We claim 
that for an inhomogeneous polynomial H G W q [xo, ...,x n -i]<i-i, we have Z C V(H~) if 
and only if H G I. For this, first notice that V(H~) is either V(H)~ or V(H)~ U V(a: n ) 
(where ^(-ff) - is the topological closure of V(H) C D + (x n ) in P^-), depending on whether 

IT p 

or not the degree of H is equal to the degree of homogenization of the map ~. Since Z is 
irreducible and not contained in V(x n ), we have Z C V(if~) if and only if Z C V(if)~. 
In turn, since ZnD + (j; n ) 7^ 0, this condition is equivalent to ZnD + (x Tt ) C V(H), which 
is precisely the condition H G I. 

Therefore, Z C V((F +G P )~) if and only if F +G p G /. If F +G p G / and F +G\ G /, 
then (G - Gi) p G I, and hence G" := G - G 1 G J. So the number of G with F + G p E I 
is either zero, or is equal to the number of elements G' G / with G" G F 9 [:ro, ...,i„_i]< T . 
This is precisely the number of G" G Fj^o, x n _i]< T such that Z C V((G')~). □ 
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Corollary 3.8. Keep the notation of Lemma 3.7. 
a) If dim Z > b + 1, then 

Prob(Z C V((F + G p n) < g-^+i 1 ). 

^7/ dim Z = b and deg Z = d > m, then 

Prob(Z C V((F + < q- A ^ m '\ 

where m' = min(m, r + 1). 

Proof. Combine Lemma 3.7 with Corollaries 3.4 and 3.6. □ 

4 The case of large degree d, when k = ¥ p 

This section is the heart of the present paper. Fix n and 1 < b < n — las usual, and fix a 
prime p. Let k = F p . Recall the definition of Ab(/,m) from Section 3.1 and the definition 
of Tj} from the Introduction. 

The goal of this section is to handle the case of large d when k = F p . Specifically, we 
prove the following 

Proposition 4.1. Fzx a triple of positive integers (l,m,a). Set r = |_^rJ an d m ' — 
min(m, r + 1). Suppose that 

^ ^ > a — 1 and -A&(t, to') > a — 1. 

Let d > m. If Z is an irreducible component of T£, then either Z C T^' /or some 
1 < o" < d, or 

dim Z < \ ^ ) — a. 

n 



Let Z C be an irreducible component (notation and assumptions as above). Sup- 
pose that Z £ Uj=i T fc'- Then Z -(zn (\J d d ~=i T k)) C Z is a dense open subset, and 
therefore is of the same dimension as Z. It is contained in 

f d ■= T d k - [ri n (Jj t* 

So the goal is now to prove that dim f d < (^ n ) — a. 
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4.1 Reduction to a problem over finite fields 

We begin with a general discussion, which applies to any (quasiprojective) variety over ¥ p . 
Let T = nV(Gi) - nV(G'j) C F^f- be a quasiprojective variety over ¥p~, where G h G'j G 

¥p[y , i/m]- Let A be an integer, and suppose we want to prove that dimT < A. 
There is a finite field F 90 such that Gi,G'j G F ?0 [y , Vm], so T comes from T : = 
r\V(Gi) — DV(G'-) C Pjjr* , which is now a variety over ¥ qo . We know that dimT = dim To, 
so suffices to prove that dimT < A. For this, by the result of Lang- Weil [3], it suffices 
to prove that #T (F ? ) = 0(q A ) as g — > oo (through powers of g of course). 

Consider now T = T d C f(¥ p [xo, ...,x n ]i), and let Tq (a variety over a finite field F 50 ) 
be as in the previous paragraph. In particular, T d (F ? ) consists of all [F] G (¥ q [x 0: x n ]j — 
{0})/F* such that when we regard [F] in (¥ p [x , x n ]i - {0})/F p , we have that [F] G 
T" i cP(F;[xo,...,x n ] i ). 

Remark 4.2. Even if F has coefficients in F ? , we always consider V(F) and l / (T) sing as 
subschemes of P^- by first regarding F in ¥ p [x , x n \. 

It is easy to see (see the argument in the proof of Corollary 5.6 in [5]) that the set 
T d (F 9 ) is a subset of 

f d := {[F] G (Fjx , ...,a; n ], - {0})/F; | ^(F) sing C P^ contains 

an integral 5-dimensional subscheme (over F p ) of degree d}. 

So our goal now is to prove that #T = 0(<A n > a ) as q — > oo (through powers of 

Qo)- 

As F is chosen randomly from ¥ q [x , ...,x n ]i, let A be the event that l / (T) sing con- 
tains an integral 6-dimensional subscheme of degree d. Thus, our task is to prove that 
Prob(A)g(^ n ) = 0(g('« n )~ a+1 ), or equivalently, that Prob(A) = 0(q~ a+1 ) as q ->■ oo 
(through powers of qo). 

4.2 The key step (large degree d) 

Fix a triple (I, m, a) of positive integers. Recall that r = and m' = min(m, r + 1). 

Let d> m. 

As T~ is chosen randomly from ¥ q [xo, x n ]i, or, equivalently, as F is chosen randomly 
from F g [xo, x w -i]</, let i? n be the event that the following two conditions are satisfied: 

• For each i — 0, ...,n — 6 — 1, the variety V"(^-, has all irreducible com- 
ponents of dimension n — i — 1, except possibly for components contained in the 
hyperplane V(x n ). 

• If C C V"(t^, • ) is a fe-dimensional integral closed subscheme of degree d, 
then either C C V(x n ), or C £ V(^^). 

We now proceed to bound Prob(F„) from below (this is the hard part). 
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Lemma 4.3. 




»W> n i-^rl (i) 



Proof. We now mimic the main argument in [4, Section 2.3]. We will generate a random 
F by choosing F G Fjxo, ...,x n -i]<i,Gi G Fjxo, x n _i]< T randomly, in turn, and then 
setting 

F:=F + G p x + --- + G p n _ 1 x n _ 1 . (2) 

For F G Fjrro, x„_i]</_i, the number of tuples (F , Go, ...,G„_i) for which (2) holds is 
independent of F. We have 

dx,i dx,i 1 

Moreover, the homogenization map ~ commutes with differentiation, so 

SF~ f S F a + 



dxi \ dx 

(again, the two uses of ~ here refer to homogenizations to different degrees, / and I — 1, 
respectively). 

Let % G {0, n— b— 1}. Suppose that F , Go, G^i are fixed such that V(® F 



dxo ' dxi-i ■ 

has only (n — i) -dimensional components, except possibly for components contained in 
the hyperplane V(x n ). By Bezout's theorem (see p. 10 in [1] for the version we are using 
here), V(Q^, ■§§—^) has at most {I — 1) % irreducible components. Let Z be one of 
them, and suppose that Z <£. V(x n ). As Gj is chosen randomly from Fja^, ...,x n -i]<Ti we 
claim that 

Prob (Z CV ( ^— ) J < q'^ 1 ). 



, 9x i , 

This follows from Corollary 3.8a, since dimZ — n — i > b + 1. 

For the final step, conditioned on a choice of Fq, Gq, G n -f>-i such that V(® F 



dxo ' '"' 9x„-i 

has only 5-dimensional components, except possibly for components contained in V(x n ), 
we claim that the probability, as G n _i G F ? [xo, ...,x n _i]< r , that some 6-dimensional com- 
ponent C of V(Q^, 9 ® F ~ - ) of degree d and not contained in V(x n ), is contained in 

\/(£Er)> is at most (I - l)n-b q -A b (r,m') _ 

Indeed, the number of 6-dimensional components C of V{^^, 9 ® F ' ) of degree d 

is at most (I — l) n ~ b , by Bezout's theorem again (this is a bound on the total number of 
components of all dimensions). If we fix a 6-dimensional component C of degree d and 
not contained in V(x n ), for fixed F , Gq, G n _6_i, the probability (as G n _i is chosen 

randomly from ¥ q [x , a: n _i]< T ) that C C V ((£7 + , is at most g - A *( T > m '), 

by Corollary 3.8b. □ 

Proof of Proposition 4-1- By the hypothesis of Proposition 4.1, each of the exponents on 
the right hand side of (1) is greater than a — 1. By virtue of the inequality rj(l — £j) > 
1 — 5^£j, Lemma 4.3 implies that Prob(F n ) > 1 — for large q. Therefore, 

1 - Prob(F n ) = O ^~^T^ as g 00. 



As F G Fg[x , ...,x n -i]<i, let E' n be the event that any integral 6-dimensional closed 
subscheme C C V(F) sing of degree d is contained in V(x n ). Then E n implies E' n . For 
each % — 0, n — 1, define in analogy with E n , E' n , except with dehomogenization 

with respect to the variable Xi (and any ordering of the remaining variables). The same 
conclusion 1 — Prob(£ , i ) = 0(-^ T ) holds for all % — 0, ...,n. Note that A (defined at the 

end of Section 4.1) implies (JiLo-^i' wnere ^ denotes the event opposite to E[. Indeed, 
P| V(xi) = 0, so we cannot have C C V(F) sing contained in all the coordinate hyperplanes. 
Therefore, 

n n / 1 \ 

Prob(A) < ^(1 - Prob(£-)) < - Prob(Ei)) = O ( J as g ->■ oo, 

i=0 i=0 \Q / 

as desired. □ 



5 Proof of the main theorem 

We now put together the main results Theorem 1.2 (proved in [5]; recall that this assumes 
a conjecture of Eisenbud and Harris when b > 2) and Proposition 4.1 from the previous 
section and finish the proof of Theorem 1.1. Namely, Theorem 1.1 follows immediately 
from our previous work when k = ¥ p , and we use upper-semicontinuity applied to T d — > 
SpecZ to prove the case char A; = (Section 5.1). However, there are technicalities 
(Corollary 5.7) concerning the uniqueness of the largest component in characteristic 0, 
which we discuss in Section 5.2. Finally, in Section 5.3, we finish the discussion of the 
second largest component, but only when char k ^ (Corollary 5.11). 



5.1 Restatement of the problem and the end of the proof 

Lemma 5.1. Let [F] e F(V) be such that dimV(F) sing > b. Then there is an integral 
b- dimensional closed subscheme C ^ P n of degree at most 1(1 — l) n+1 such that C C 
V(F) sing . 

Proof. Let Z i: Z s be the irreducible components of V(F) s - mg = V(F, J^, J^-)- Then 
by Bezout's theorem ([1], p. 10), 

deg(^) < deg(F) J] deg (^) < 1(1 - 

i=l 0<j<n ^ J ' 

dF/dxj^O 

But some component Zj has dimension at least b, so, intersecting with hyperplanes if 
necessary, this component will contain an integral 6-dimensional closed subscheme of 
degree at most deg(Z { ) < 1(1 - l) n+1 . □ 

Proof of Theorem 1.1 assuming the conjecture of Eisenbud and Harris. By Lemma 5.1, 
X is a finite union: 

i(i-i) n+1 

X= |J Tt (3) 

d=l 
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In particular, X is a closed subset of F(V). The statement of Theorem 1.1 is now 
equivalent to the following one: for any d > 2, we have dim(T^ — T fc x ) < dimX 1 . But 

- Tl = (T d - T l ) k , and if k C_k is a subfield, then dim(T d - T 1 )^ = dim(T d - T l ) hy 
So it suffices to assume that k = ¥ p or k = Q. 

First, suppose that k = ¥ p . Let t(1) = and m(l) = Notice that m(/) > 

r(/) + l, so m' = r(/) + l in Proposition 4.1. There exists / = Zo(^, J 5 ) (easily computable) 
such that for all / > / , we have ( T ^ b t\ +1 ) > a n ,&(0 and A 6 (r(/),r(/) + 1) > a„ j6 (Z), by 
Remark 3.2 and the fact that a ntb (l) is a polynomial in I of degree b. We can assume in 
addition that l satisfies Theorem 1.2. We claim that for any / > / (n, b,p), the statement 
of Theorem 1.1 holds. 

In fact, we prove by induction on d > 2 that for any irreducible component Z of T£, 
either Z = X 1 or dimZ < dimX 1 . For 2 < d < ^ this follows from Theorem 1.2. Let 
d > Assume that the statement holds for all 2 < d! < d — 1. Then it also holds for 
d, by Proposition 4.1, applied to the triple (I , m{l) , a nj &(Z) + 1). 

Now, let fc = Q. Let p be any prime, and consider I > l (n,b,p) as above. By the 
previous paragraph, for any d > 2, dimT^ = dimT^ < dimX 1 . But, since T d — y SpecZ 
is projective, by the upper semicontinuity theorem, we know 

diml| = dimT^ < dimT F d p < dimX 1 . 

Therefore, as long as / > lo(n, b,p) for some p (take p = 2 to obtain the best value of Iq 
here), we know that X 1 (over Q) is an irreducible component of X (over Q) of maximal 
dimension. 

We now address the question of uniqueness of X 1 as a largest component. In Section 
5.2 we will show that it is possible to choose p such that X 1 <t T^- for any d > 2. For 
such p, and for d > 2, the conclusion from two paragraphs ago implies 

dimT^- < dimX 1 . 

So 

dimT^ < dim 7^- < dimX 1 . 

By (3), any irreducible component of X is either X 1 or is contained in for some d > 2. 
This completes the proof. □ 

Remark 5.2. We postpone for the next section the fact that over F p , we have X 1 <t T^-, 

provided that p ^ 2 or n — b is even. So for / > / (n, b, 2), we know that X 1 is an 
irreducible component of X of largest dimension; for I > l (n,b,2) when n — b is even, 
and for I > l (n,b,3) when n — b is odd, we also know that X 1 is the unique largest- 
dimensional component of X. 

Remark 5.3. We now give a (non-effective) proof of Theorem 1.1 without using the conjec- 
ture of Eisenbud and Harris. It is the same as before, except that we use Lemma 5.7 from 
Section 5.3 in [5] in place of Theorem 1.2, and use a different value of m in Proposition 4.1. 
Set B = p b (n — b+l) in Lemma 5.7 in [5], and set m = p b (n — b+ 1) + 1 in Proposition 4.1. 
By the definition in Lemma 3.1 and by the definition of r(l), we have that A b {r, m) grows 
as a polynomial in I of degree b and leading coefficient ^ > , so Ab(r,m) > a n ^{l) 
for sufficiently large / (recall the definition of a n ^{l) from the intoduction). Thus, the 
hypothesis of Proposition 4.1 is satisfied again. 
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5.2 Uniqueness of the largest component (in characteristic 0) 

We set the following notation for this section. Consider a 5-dimensional closed subscheme 
C = V(f, x b+2 , x n ) of P n , where / G fc[x , x b+ i] d -{0}, and set W = (/, x 6+2 , x„) ; 2 . 
In [5], we proved the following 

Lemma 5.4. Assume I > 2d+ 1. There is a dense open subset U\ C P(W) s«c/i that for 
all [F] G C/i, V(F) S ing = C (set-theoretically). 

Next, we will use the lemma below only when C is linear, but we prove it here for a 
more general C for the purposes of the later discussion in Remark 5.12. 

Lemma 5.5. Suppose that I > 2d. If char k ^ 2, then there exists a dense open subset 
U 2 C F(W) such that for all [F] G U 2 , we have 

dim{P G C | dimT P \/(F) sing > b + 1} < b - 1. 

// char k = 2 and C is a b- dimensional linear subspace, and n — b is even, then the same 
conclusion holds. 

Proof. Consider the incidence correspondence 

Y 2 = {([P], P) G F(W) x C | dimT P \/(F) sing > b + 1} C F(W) x C 

(this is a closed subset). We will show that Y 2 ^ F(W) xC, i.e., dim F 2 < dimP(W)+6-l. 
Once this is done, the map Y 2 — >■ P(W) will give a dense open C/ 2 C P(W) such that the 
fiber over any [F] £ U 2 has dimension at most 6 — 1. 

Suppose that char A; ^ 2. Fix a point P = [po, 0, 0] £ C with at least 2 

nonzero coordinates such that V(f) C P 6+1 = V(xb +2 , x n ) is smooth at P. Without 
loss of generality, d ^ (P) ^ and p ^ 0. We claim that there exists [F] G P(W) with 
dimT P V(P) sing < b. t+1 

For [F] G F(W), we have V(F) sing = V(F, g, Jg-), so we have to look at the 



Jacobian 



J(P) = 



d 2 F 



OTi 

d 2 F 
dxodxi 



(P) 



[ d2F (P) W (P) 

\dx n dxo^ ' dxndxi^ ' 



d 2 F 



fJP) \ 

d 2 F 



dx dx n 



d 2 F 



(P) 



dx 



We know that dimTpV(F) s - mg = n — rkJ(P), so dim Tp V(P) S mg < b if and only if 
rkJ(P) > n — b. In other words, we have to give some [F] G P(W) such that some 
(n — 6) x (n — b) minor of the Jacobian is nonzero. Consider 



=b+2 



We claim that the bottom right (n — b) x (n — b) minor of J(P) is nonzero. Since p ^ 



d 2 F 
dx 2 b+1 



(P) = 24- M ^ 



df 

dx 



b+l 



+ f 



d 2 f 

dx 2 b+1 



(P) * 0, 
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so the minor 

(a^ (f>) ) (4) 

is a diagonal matrix with nonzero diagonal entries. 

Now suppose that char k = 2 but n — b is even and C = V^Xb+i, ...,£„). Let P = 

n — b 

[1, 0, 0]. Consider F = Yl,i=\ x b+2i-iXb+2iX l o~ 2 ■ Then the minor (4) is nonzero again. □ 
Remark 5.6. This lemma fails when char k = 2, C is linear, and n — b is odd. 
Corollary 5.7. Suppose that char k ^ 2 or char k = 2 but n — b is even. Then X 1 <t T^- 

IF p 

for any d > 2. 

Proof. Let C = V^rrft+i, ...,x n ). Let U\ and f/2 be as given by Lemmas 5.4 and 5.5. Let 
U = U 1 nU 2 . So U is a dense open subset of P(W) such that for all [F] G U, V(F) sing = L 
set-theoretically, and in addition, the closed embedding L <—} V(F) sing is an isomorphism 
over the complement of a closed subset of smaller dimension. Thus the Hilbert polynomial 
of V(F) sing has degree b and leading term 1/6!, so I^(-F) s ing does not contain any closed 
subscheme of dimension b and degree d > 2. In other words, [F] Gl 1 - T^-. □ 

Similarly, we can apply Lemmas 5.4 and 5.5 to an integral C = V(f,x b+2 ,...,x n ) of 
degree 2 and obtain the following 

Corollary 5.8. Suppose that char A; 7^ 2. There exists [F] e F(V) such that ^(F) sing is 
a b- dimensional integral closed subscheme of degree 2 (as a set), and such that V(F) sing 
does not contain any b-dimensional closed subscheme of degree d > 3. 



5.3 The second largest component 

We now determine the second largest component of X in the case p = char k > 0. In 
Section 6.1 in [5], we defined a certain irreducible closed subset X 2 of X with the property 
that if [F] G X contains an irreducible closed subscheme of dimension b and degree 2 in 
its singular locus, then [F] G X 2 , and we computed the dimension of X 2 . Also, in Section 
6.2 in [5], we established the following 

Lemma 5.9. There exists Iq (easily computable) such that for all pairs (d,l) with 3 < 
d< 1 -^ andl>l (ifb = n — 1, assume d > 4), and any irreducible component Z ofT£, 
either 2cT'U T 2 , or 

fl + n\ 9 
dimZ < -dimX 2 . 



Remark 5.10. Lemma 5.9 does not treat the case b — n — l,d — 3. We discuss this now. 
When b — n — 1, we can describe X explicitly. Indeed, if V(G) is an integral (n — 1)- 
dimensional closed subscheme of (here k has any characteristic) with V(G) C V(F) sing , 
then necessarily F = G 2 H for some H (since V(G) is a complete intersection and the 
ideal (G 2 ) is saturated; see Corollary 2.3 in [6]). For d = 1, |_|J, consider the map 

ip d : F(k[x , ...,x n ] d ) x F(k[x , x n ]^ 2 d) — > F(k[x , ...,x n ] t ) 

(G, H) i—>. G 2 H. 
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- 

Certainly, im(ip d ) C Tj} C X and X = \J d l\ im(ip d ), so 

X = X 1 U im(v? 2 ) U im(v9 3 ) U I (J T d 

\d=4: 

Since any point in the image of ip^ has only finitely many preimages, it follows that 

. , . fd + n\ fl-2d + n\ 

So dimim(9? 3 ) < dimim(<^ 2 ) = dimX 2 for I > l (where l is effectively computable) and 
hence when b — n — 1, it suffices to bound dimT^ only for d > 4, which was handled by 
Lemma 5.9. 

Corollary 5.11. Suppose that char/c = p > 0. There exists (again, effectively com- 
putable) lo = lo(n,b,p) such that for all I > l , X 2 is the unique irreducible component of 
X of second largest dimension. 

Proof. Let k = ¥ p . With the above preparations, the proof is now analogous to that of 
Theorem 1.1. We use Lemma 5.9 (with Remark 5.10 if b — n — 1) and Proposition 4.1 
to argue that if Z C is an irreducible component of (where d > 3), then either 
Z C Tl U T^, or dimZ < dimX 2 (as long as I > l , for some effectively computable l ). 
We have 

N 

X={jT£ for N = l(l- 1) N+1 . 
d=i 

If Z is an irreducible component of X with dimZ > dimX 2 , then Z C Tjt for some 
d. If d > 3, then by the previous paragraph, we have Z C T 1 U T 2 . So in any case, 
Z C T 1 U T 2 = X 1 U X 2 . Hence Z = X 1 or Z = X 2 . □ 

Remark 5.12. Let p 7^ 2. If we could prove that dimT^- < dimX 2 for all d > 3, we would 

If p 

be able to deduce that for d > 3, 

dimT^ < dirnT^- < dimX 2 . 

Suppose instead that dimT^ > dimX 2 for some d > 3 and k = ¥ p . Let Z be an 
irreducible component of T£ with dimZ > dimX 2 . We have Z C X 1 U X 2 by the proof 
of Corollary 5.11. Moreover, Z £ X 2 (since X 2 ^ T fe d by Corollary 5.8), so Z C X 1 . So it 
would suffice to prove that dim(T^ n X 1 ) < dimX 2 for d > 3 (this inequality fails when 
d = 2). This is the technical problem that unfortunately does not allow us to remove the 
assumption char/c 7^ from Corollary 5.11. 

Acknowledgments 

This work is part of my doctoral thesis at MIT, and I am greatefully indebted to my 
advisor Bjorn Poonen. He posed the problem whose solution we present here and guided 
me by suggesting various methods and approaches. In particular, the main idea involved 
in the current paper belongs to him. I admire Prof. Poonen's academic generosity. 




14 



References 

William Fulton, Introduction to intersection theory in algebraic geometry, Published 
for the Conference Board of the Mathematical Sciences, Washington, DC, 1984. 

Robin Hartshorne, Algebraic Geometry, Springer- Verlag, New York, 1977, Graduate 
Texts in Mathematics, No. 52. 

S, Lang, A. Weil, Number of points of varieties in finite fields, Amer. J. Math. 76 
(1954), 819-827. 

Bjorn Poonen, Bertini theorems over finite fields, Annals of Math. 160 (2004), no. 
3, 1099-1127. 

Kaloyan Slavov, On the moduli space of hypersurfaces singular along a subscheme of 
large dimension but small degree, arXiv:math/0527807vl. 

Kaloyan Slavov, The space of hypersurfaces singular along a specified curve, 
arXiv:math/0527780vl. 



15 



